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Abstract 

Consider the unit ball, _B = D x [0, 1], containing n unknotted arcs 
ai, . . . ,a„ such that the boundary of each Ui lies in _D x {0}. We give 
a finite presentation for the mapping class group of B fixing the arcs 
{ai, . . . ,o„} setwise and fixing D x {1} pointwise. This presentation is 
calculated using the action of this group on a simply-connected complex. 

1 Introduction 

Let denote the closed upper half-space of R^, let ai, 02, . . . , a„ C be n 
pairwise disjoint properly embedded unknotted arcs and let a, — aiUa2U- • -Uan- 
Viewing the braid group as the mapping class group of the punctured disc, if 
this disc is included in dH'^ with (9a* as the punctures, one can define Hilden's 
group, H2„, to be the subgroup of B2„ consisting of all mapping classes that 
can be extended to \ a* . Or equivalently, H2„ is the stabiliser of a, under 
the action of B2„ on 0, 2n-tangles. 

Hilden[ ] found generators for a similar subgroup of the braid group of a 
sphere. For any given braid b multiplying on either the left or the right by 
elements of H2ri preserves the plat closure, ie plat closure is constant on each 
double coset. Birman[ ] showed that if two braids have the same plat closure 
then they can be related by a sequence of these double coset moves and stabil- 
isation moves that changes the braid index by 2. 

We calculate a presentation for H2n using the action of this group on a 
cellular complex. Hatcher-Thurston[ ], Wajnryb[(i, 7, 6], Laudcnbach[ ], etc 
used the same method to calculate presentations for mapping class groups. We 
start in Section 2 by outlining this method. A similar but more general method 
is given by Brown [ ]. 

In Section 3 we define a simply-connected complex X„. In Section 4 we 
remove some of the edges and faces of this complex resulting in a new complex 
which remains simply-connected but gives a simpler presentation. This presen- 
tation is calculated in Section 5 and then used to calculate a presentation with 
generators similar to those found by Hilden. 

2 The method 

Suppose that X is a connected simply-connected cellular complex in which each 
edge is uniquely determined by its endpoints, that G is a group acting cellularly 
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on the right of X, and that this action is transitive on the vertex set X'^. 
Pick a vertex vq G as a basepoint and let H denote its stabihser in G, ie 
H — {g G G \ g ■ vq — vq}. Suppose that H has a presentation with generating 
set So and relations Ro, ie H — {So\Ro) ■ 

Given vertices u,v G X'^ such that {u, v} is the boundary of an edge of X 
we will write (u, v) for this (oriented) edge. Given a sequence vi,V2, ■ ■ ■ ,Vk of 
vertices such that either Vi — Vi-^-i or {vi,Vi^i) forms an edge we will write 
{vi,V2, ■ ■ ■ , Vk) for the path traversing these edges. Whenever Vi — w^+i we shall 
say that Vi is a stationary point. 

Let E denote the set of all oriented edges starting at vq, so H acts on E. 
Suppose that {baIasA is a set of representatives for the i?-orbits of the edges 
in E, ie E — [J^^j^ He\ and Hex — Hex' only if A = A'. Since the action 
of G is transitive on X^ we can find rx G G such that ex = {vo,vq ■ rx). Let 

The edges {ex}xeA also form a set of representatives for the edge orbits of 
the G-action on X. To see this suppose that two of these edges lie in the same 
G-orbit, ie (uq, v) = (vq, u) ■ g. Then we have that vq = vq ■ g therefore g G H. 

Suppose that {/^j^^eAf is a set of representatives for the G-orbits of the faces 
of X. Since the action is transitive on X^, we may assume that the boundary 
of each face contains the vertex vq. 

Definition 2.1. An h-product of length A; is a word of the form 

hk+i rx^hk rx^_^hk-i ■■■ rx^hi 

where each Ai G A and each of the hi are words in H. To each h-product we 
can associate an edge path P = {vq, vi, . . . , Vk) in X starting at vq then visiting 
the vertices vi = vq ■ rx^hi, V2 ~ vq ■ rx^ ^2 rxihi, etc. This means that the edge 
{vi-i,Vi) is in the orbit of (v^^vq ■ ^aJ. Given any edge path starting at vq we 
can choose an h-product to represent it. 

We can now choose the following three sets of relations. 

For each edge orbit representative ex pick a generating set T for the sta- 
bihser of this edge, ie (T) = StabG(wo) H StabG(wo • rx)- For each t £ T 
we have the relation rxtr^^ — h for some word h G H . 

i?2 : For each ex we have a relation ry h rx — h' where the LHS is a choice of 
h-product for the path [vq, vq ■ rx, vq) and h' is some word in H. 

R3: For each face orbit representative with boundary {vq, vi, . . . , Vk~i, vq) 
choose an h-product representing this path and a word h G H such that 
rxk hk - ■■ rxi hi = h. 

Theorem 2.2. The group G has the following presentation. 

G = (S'o U 5i|i?o U i?i U i?2 U R3) 

Corollary 2.3. Suppose that H is finitely presented, that the number of edge 
and face orbits is finite and that each edge stabiliser is finitely generated. Then 
G has a finite presentation. 

We prove Theorem 2.2 in several steps. 
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Clciim 1. The set So U Si generates G. 

Proof. Given any g £ G, let v = vq ■ g- Now as X is connected there is an 

edge path connecting vq to v. Choose an h-product gi = hk+i r\^hk ■ ■ -rx-^hi 
representing this path. Then vq ■ ggi^ = vq so g = hgi for some h £ H. □ 

Claim 2. If two h-products, pi andp2, give rise to the same path and are equal 
in G then they are equivalent modulo RqU Ri. 

Proof. Because pi and p2 represent the same path they must have equal length. 
Suppose that pi = hk+i r^^hk ■ ■ ■ rx^hi and p2 = fk+i ry^fk ■ ■ ■ ryji. Clearly, 
if the two h-products are of length then they are both words in H and so 
are equivalent modulo Rq- Now suppose that k ^ 0. The fact that pi and p2 
represent the same path means that 

{vo, vo ■ rx.hi, vo ■ rxM rxM, . . .) = {vq, vq ■ ryji, vq ■ rx'j2 ryji, ■ ■ ■), 
therefore 

(^^0,1^0 ■ '■Ai) = {vo,vo ■ ryj ■ fih^^. 
So Ai = A'^ and fih^^ is in the stabiliser of the edge cai- Hence, for some word 

fk+i ry^ fk--- ry^ /2 ryjih^^hi = fk+i ry^ fk--- ry.^ /2 hi 

modulo By induction the two shorter h-products hk+i rx,Mk ■ ■ ■i"X2h2 and 
fk+i Ty fk ■ ■ -ry f2 are equivalent modulo Rq U and so p\ = p2 modulo 
Ro U rI ' □ 

Claim 3. Suppose that two h-products represent the same element of G and 
induce edge paths that are equivalent modulo backtracking. Then they are equiv- 
alent modulo i?o U -Ri U i?2 • 

Proof. It is enough to show that any h-product is equivalent to an h-product 
that represents a path without any backtracking. Furthermore, if we proceed 
by induction on the length of the h-product, it is enough to show that any h- 
product whose associated path has backtracking at the end is equivalent to a 
shorter h-product. 

Suppose that g = hk+s rXk+2hk+2 rA^,+l/l/^-|-l gk is such an h-product, ie 

Vk = Vo- gk 
Vk+i = Vo ■ rXk+ihk+\ gk 
Vk+2 = Vk = Vo ■ rXk+2hk+2 rxk+ihk+i gk 

and gk is a shorter h-product. So, multiplying by g'k^h'^^-^, we find that 
rXk+2hk+2 f\k+i is an h-product with associated path {vQ,vo-rx^^-^ , vq). Suppose 
that ryhrx = h' is the R2 relation corresponding to this path. Then A = A^+i 
and Wo • ryh = Vq ■ rA^+a^fc+a- So A' = Afe+2 and hk+2h''^ is in the stabiliser of 
the edge ex^^i ■ Therefore there exists a word f in H such that 

hk+3 rXk+2hk+2 rxk+ihk+i gk = hk+^f ryh rxhk+i gk 

modulo Hence modulo R2 this is equal to hk+sfh'hk+igk-, a shorter h- 
product. □ 
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Claim 4. Any h-product equal to the identity in G is equivalent to the identity 
modulo i?o U i?i U i?2 U i?3 . 

Proof. Given any ii-product gk equal to the identity in G its associated edge 
path must be a loop. Since X is simply-connected this loop is the boundary of 
a union of faces of X. So choose one of these faces / touching the loop at a 
vertex v then modulo RqU RiU R2 we can add backtracking starting at v going 
around the boundary of /. Modulo R3 we can remove one pass round df. This 
leaves a new loop that can be spanned by one less face, which, by induction 
on the minimum number of faces needed to span a loop, is equivalent to the 
identity. □ 

Proof of Theorem 2.2. Given any word in the generators, 5*0 U 5*1, that is equal 
to the identity in G then modulo R2 it is equivalent to an h-product and so by 
Claim 4 is equivalent to the identity modulo Rq IJ Ri U R2 U R3. □ 



3 The complex X„ 

An embedded disc D C is said to cut out ai if the interior of D is disjoint 
from a, , the arc is contained in the boundary of D and the boundary of D 
lies in ai U dH^ , ie C dD and dD C U dH^ . A cut system for a* is the 
isotopy class of n pairwise disjoint discs {Di, D2, . . . Dn) where each Di cuts 
out the arc Ui. Say that two cut systems (Di, D2, . . . , Dn) and {Ei, E2, . . . , En) 
differ by a simple i-move if Did Ei = and Dj — Ej for all j ^ i. If this is 
the case we will suppress the non-changing discs and write {Di) (Ei). 

Definition 3.1. Define the cut system complex X„ as follows. The set of all 

cut systems for a* forms the vertex set X,j. Two vertices are connected by a 
single edge iff they differ by a simple move. Finally, glue faces into every loop 
of the following form, giving triangular and rectangular faces. 



(A) {D',) (A, D,) {D'^,D,) 




Figure 1: The arcs ai and the discs di 
and di rotated by a quarter turn. 
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Before we prove that this complex is simply connected we need the following 
lemma about substituting one disc for another. 

Suppose that v = {Di,D2, ■ ■ . Dn) is a vertex of X„ with a choice of discs 
representing it and that D and D* are two discs cutting out the arc Oj. We 
will say that the tuple {v,D, D*) forms a valid suhstitution if cither D ^ Di or 
D = Di and for all j 7^ i, fl D* = 0, ie if D is in w then there exists an edge 
{D = Di) — {D*). If {v,D,D*) forms a valid substitution then we can replace 
D with D* to get a vertex v* , ie 

\{D*) i{Di = D. 

Similarly, for any edge path P with a choice of discs representing each vertex, 
we say (P, D, D*) forms a valid substitution if for each vertex t; of P the tuple 
{v,D,D*) forms a valid substitution. If {P,D,D*) forms a valid substitution 
then we can replace each occurrence of D with D*, ie replace each vertex v with 
V*, giving a new path P*. 

Lemma 3.2. // (P, D, D*) forms a valid substitution, where P = {v\,. . . , Vk), 
then P* is a path and the loop 

Vl Vk 

vl vl 

is homotopic to a point. Moreover, if P is a loop then so is P* and they are 

homotopic as loops. 

Proof. Clearly we may assume that D and D* arc not isotopic, otherwise P = 
P* . Suppose that D and D* cut out the arc Oi . For each vertex v of P we have 
that either v = v* or {v, v*) is an edge of X„. 

For each edge (u.v) in P, where ?i = {Dj) and v = {D'j), we have the 
following possibilities. If D is not in u nor v then [u.v) = (u*,v*). Otherwise 
we have two cases depending on whether i = j or not. 

li i ~ j then only one of either w or u contains D. Suppose that D 6 u, ie 
Dj ^ D. If D* = Dj then u* = v* = v and {u,v) is homotopic to {u*,v*) in 

X^. Otherwise, if D* ^ Dj, we have the following face of X„. 




u* 



If i ^ j the we have the following face of X„. 

{D,D,)^—{D,D'j) 

{D*,Dj)^^{D*,D'j) 
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In either case there is a homotopy from {u,v) to {u*,v*) that agrees with 
the homotopies between the vertices of P and P* . Therefore P is homotopic to 
P*. □ 



Theorem 3.3. The complex X„ is connected and simply connected. 

Proof. Given a loop in X„ it is homotopic to an edge path P. Now choose discs 
to represent each vertex of P. We shaU write D E P if D is one of the discs 
chosen as a representative of some vertex of P. Assuming that the intersection 
of the discs D £ P with di U (i2 U . . . U (i„ isn't only ai, 02, . . . , a„. We can carry 
out the following procedure. 

For some i the union of the discs in P intersects di in a non-empty collection 
of arcs. Pick an arc a of this intersection that is lowest in the sense that it 
doesn't separate the entirety of any other arc from dH^ fl di. For example, see 
Figure 2 where a and 7 are lowest but /? is not. 



The arc a comes from some D £ P. Now cut D along a, discard the section 
not containing and glue in a disc parallel to di . This results in a new disc D* 
whose intersection with di contains at least one less arc. 

Any disc E e P for which n D = or also has E Ci D* = aj or 
respectively; if not E must intersect D* in the section parallel to di and this 
contradicts the condition that a is a lowest arc. Therefore the triple {P, D, D*) 
form a valid substitution and, by Lemma 3.2, we can replace D with D* to get 
a new homotopic loop P*. 

We now have a homotopic loop P* that has fewer intersections with di U 
(i2 U . . . U c?„. So by induction on the number of intersections we have proved 
the following. 

Claim. The path P is homotopic to a path whose vertices admit representative 
discs which intersect the discs di, d2, . . . , dn only in the arcs ai, 02, . . . , a„. 

So we may assume that the path P meets c?i , c?2 , • ■ • , only in the arcs 
ai, 02, . . . , a„. Therefore, for each D € P cutting out the arc a^, {P,D,di) 
forms a valid substitution and so by in turn replacing each D £ P with di we 
see that P is homotopic to the constant path vq. The connectedness of X„ 
follows by taking P to be a constant loop. □ 

Up to homotopy the group H2,i acts on (i?^, a,) by homeomorphisms, there- 
fore it takes cut systems to cut systems. The edges and faces of X„ are deter- 
mined by the intersections of pairs of discs, hence this action on X^ extends to 
a cellular action on X„. 

Theorem 3.4. The action o/H2,i on X^ is transitive. 




Figure 2: Lowest arcs a and 7 
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Proof. Given a vertex D2, ■ ■ ■ , Dn) of X„, if we take each i in turn and 
look at the intersection of Di with dH^. We see that this defines a path from 
one end of Ui to the other. If we now move one end around this path until it is 
close to the other and then move it straight back to its starting point we have 
an element of H2„ that moves Di to di. Combining all of these we see that 
D2, . . . , Dn) is in the orbit of uq, ie the action is transitive on X„. □ 



4 The complex X„ 

We now construct a subcomplex X„ of X„ with the same vertex set but with 
fewer edges and faces. 

Given an edge e = ((-D), {D')) of X„ define its length, /(e), to be the number 
of arcs underneath DUD' . In other words, since H^\DUD' has two components, 
one bounded and one unbounded, we can define the length as follows 

/(e) = I Gi is contained in the bounded component of \ D U D'}. 

Given two edges e and e' with the same length there exists an element of H2„ 
taking e to e'. 

Say a rectangle ((D, E), (£>', E), (£>', E'), {D, E')) is nested iiE\JE' lies in 
the bounded component of \ D U D' or vice versa, ie if one pair of changing 
discs lies underneath the other. 

For i < j let Tij denote the subcomplex consisting of all triangular faces 
of X„ with shortest two edges of length i and j. Note, this implies that the 
remaining edge has length i + j. Given a rectangular face of X„ we have two 
cases depending on whether it is nested or not. Let TZij denote the subcomplex 
consisting of all rectangular nested faces with inner edge of length i and outer 
edge of length j. For i < j let Sij denote the subcomplex consisting of all 
non- nested rectangular faces with edges of length i and j. 

Definition 4.1. Let X„ be the subcomplex of X„ with the same vertex set, 
all edges of length 1 and 2 and all faces from TZi2, Sn and Tu, ie X„ = 
7?.ii U Sii U Til. As the length of an edge is invariant under the action of H2,i 
on X„ this action preserves each T^j, TZij and Sij and so preserves X„. 

A vertex v — {Di, . . . , D„) is completely determined by the intersection of 
the discs Di with dH^ . Using this we can define the vertices Xi for < z < n — 1, 
yij for < z < n — 2 and j = or j < j < n — 1 and Zij for < i , j, z + < n — 2 
as in Figure 3. So we have /(wq, ) = z, l{vo,Voj) = j, U"o,yio) = h /(wo,2io) = i 
and /(fo, ZQj) = j. Note, there is some redundancy in this notation, ic Xi = yoi 
and Xo = yoo = zoo = vo. _ 

We now define the faces Rij G TZij, Sij G Sij, Tij e Tj of X„ as follows. 



yoo Vio 





Rij - 

yoj Vzj 

For every face in X„ there is an element of H2„ taking it to one of these 
representatives . 
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Figure 3: The vertices x^, yij and Zi 



Theorem 4.2. The complex X„ is simply connected. 

Proof. Figure 4 shows that the boundary of each of the faces Rij for 1 < i < j 
and Sij for 1 < i,j can be expressed as the boundary of a union of faces with 
shorter edges. The first column shows how to replace faces where the first index 
is not 1. Then the second column can be used to reduce the second index to 
either 2 or 1 respectively. 

As each of the rectangular faces can be moved to one of Rij or Sij by some 
element of tl2n it follows that every loop in X„ is nuU-homotopic in 

7^l2U5llU U %j. 

l<z<j<n 

Let the Ei be the discs as shown in Figure 'S, ie Xi = {Ei,d2, d^, . . . ,dn) . For 
j > 2 let Aj the be full subcomplex of X„ containing all the vertices "between" 
a;o and Xj, ie 

I I? ^ do or £'j , interior of _D C bounded component of \Eq [J Ej}. 

Choose xi as a base point of Aj. 

For every edge (m, v) of Aj we have the following two triangles in X„. Note 
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2/00 Vio 




Figure 4: Decomposing rectangular faces 
that all edges have length less than j. 



Xo 




Xj 



Lemma 4.3. The subcomplex Aj is path connected. 

Proof. Given a vertex v = (D, c?2, ■ • ■ dn) S A°. First suppose that for some 
2 < « < J there exists a path 7 on dH^ from di to Ej such that 7 does not cross 
El, D 01 di for I i. Let D' be a disc parallel to Ej except in a neighbourhood 
of 7 where we glue in the boundary of a neighbourhood of 7 U c?i. Then there is 
a path {v, v' , xi) in Aj where v' = {D'). See Figure 5. 

Now suppose that no such path exists on dH^. Each vertex u = (Du) of 
Aj partitions the set {^2, ds, . . . dj+i} into two non-empty subsets. The first 
containing those discs that are between di and the second those between 
Du and Ej. (If one of these sets were empty then we would have that either 
Du = di or Du = Ej.) As j > 2 at least one of these sets contains more than 
one disc. Choose an i ^ 1 such that di is in this set. 

Now draw a path 7 on dH^ from di to Ej that doesn't intersect di for 
I = 3,...,j or El and only intersects D transversely. Starting at di move 
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Figure 5: Tunnelling along 7 



along 7 and label the successive points of 7 Pi D as pi,p2, ■ ■ • ,Pfc- Now we can 
construct a sequence of discs D = Z?^, . . . , D'' where each 1)'+-'^ is parallel 
to except in a neighbourhood of pi+i where we glue in the boundary of a 
sufficiently small neighbourhood of the disc di and the segment of 7 up to pi+i- 
With each successive the disc di moves from one side of the partition to the 
other. At each step neither side of the partition is empty so is a vertex of 
Aj. This gives a path {v = {D^) , . . . , {D^)) in Aj. Now, {D'') satisfies the 

hypothesis above, therefore this path can be continued to the base point xi. □ 

We can now complete the proof of Theorem 4.2. So far we have shown that 
any loop in X„ is the boundary of a union of faces in TZi2 USu ^[Ji<:i<j<n 
For a given loop take an edge (m, v) of maximal length j in this union, li j > 2 
then the faces on either side of (w, v) must be triangular with the remaining edges 
of length less than j. So we have the following situation for some u',v' € X„. 



u 




V 



By Lemma 4.3 we can replace these two triangles with the following. 



u 




Uq Ml Uk-l Uk 



Where uq = u' and Uk — v' . Here each edge has length less than j. Therefore all 
edges of length greater that 2 can be replaced and so the loop is nuU-homotopic 
in X„. □ 
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5 Calculating the presentation 



By Section 4 we have an H2„-action on a simply connected cellular complex. 
So we can now follow the method given in Section 2. 

Using the fact that H2„ is a subgroup of B2„, we can define the following 
elements of H2„ in terms of cti, . . . , cr2n-i the generators of B2n- 

r2 = (J ao-^o 2^ ic ^ ^a^ ^ 

Si = Cr2iCr2i_iCT2i+lCT2i for i £ {1, . . . , 71 - 1} 

U = cr2i--i for i G {1, . . . , n} 

So ri is the first arc passing through the second, r2 is the first two arcs passing 
through the third, Si is the ith and i + 1st arcs crossing and U is the ith arc 
performing a half twist. Subsequently we will prove that these generate H2„. 

Proposition 5.1. The stabiliser of the vertex vq is isomorphic to the framed 
braid group and hence has a presentation {Sq | Rq) where 

So — {Sl, S2, ■ ■ ■ , Sn-l, ti, t2, . . . , t„} 

Ro = { SiSj ^ SjSi for\i~j\>l, 

SjSjSj = SjSiSj for \i ~ j\ = 1, 

titj = tjti for all i,j, 

Sitj = tjSi if j ^ {i,i + 1}, 

Sitj = tkSi if {i,i + l} = {j,k} } 

Proof. If we restrict to dH^, elements of H2„ can be thought of as motions of the 
end points of the a^. For elements of the vertex stabiliser this motion moves the 
di n dH^ among themselves, ie this is the fundamental group of configurations 
of n line segments in the plain, the framed braid group. □ 

We have two edge orbits, one consisting of edges of length 1 and the other 
consisting of edges of length 2. Note that our choice of ri and r2 mean that 

ivo,vo-ri) e r\l) 
{vo,vo-r2) el-\2). 

For i = 1, 2, let /i denote the stabiliser of the edge {vq, vq ■ ri), ie the subgroup 
of all elements that fix both vq and vq ■ ri. 

Proposition 5.2. The subgroups Ii and I2 are generated as follows. 

h = {t2,t3, . ■ . ,tn, 83,84, ... ,S„-1, SiSititi, S2S1S1S2) 

I2 = {t2,t3, ■ ■ ■ ,tn, S2, S4, S5, . . . , S„_i, 31525251^1^1, S3S2S1S1S2S3) 

Proof. For Ii [I2] the motion of the di outside of di U E2 [di U E3] is gener- 
ated by ^3, ti,. . . , t„, S3, S4, • • ■ , Sn-i and S2S1S1S2 [^4,^5, ■ ■ ■ ,tn. Si, S5,. . . , Sn-l 
and S3S2S1S1S2S3], the motion of the di inside di U E2 [di U E3] is generated 
by t2 [^2,^3,52] and the motion of di U E2 [di U E3] is generated by siSititi 

[siS2S2Sititi]. □ 

We are now ready to calculate relations for Ri, R2 and R3. The following 
relations are easily verifiable, in fact most of them take place in Bg. 
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The Ri relations 

To calculate the i?i relations we have to find, for each edge orbit representative 
{vo,vq ■ ri) and each generator t of a word h in such that ritr^^ = h. One 
possibiUty is the following. 





= tl 




(Ril) 




= tk 


for fc > 2 


(i?i2) 




= Sk 


for fc > 2 


(i?i3) 




= SiSit2t2 




(i?i4) 


riS2SiSiS2r^^ 


= S2SISIS2 




(i?i5) 


r2t2r2^ 


= tl 




(i?i6) 


r2t3r2^ 


= t2 




(it-i?) 


r2tkr2^ 


= tk 


for fc > 3 


(-R18) 


r2S2r2^ 


= Si 




(i?i9) 


r2Skr2^ 


= Sk 


for fc > 3 


(RilO) 


r2SiS2S2Sititir2^ 


= S2SlSiS2<3i3 




(i?ill) 


r2S3S2SlSiS2S3r2^ 


= S3S2S1S1S2S3 




(-R1I2) 



The i?2 relations 

To calculate the R2 relations we need to find, for each edge orbit representative 
{vq, vq ■ ri), an h-product r^/i for the path {vq, vq • ri,vo) and a word h' in 
such that Vih ri = h'. 

nhsi Ti = sih {R2I) 
r2S\t2S2 r2 = S2Siti (-R22) 

The R3 relations 

To calculate the R3 relations we need to find, for each edge orbit, an h-product 
representing the boundary of a face in the orbit and an equivalent word in 5*0 . 
The following are such relations for the TZi2 and Tu orbits respectively. 

r-LSiS2S3SiS2 riSiS2S3SlS2t2i4 r-iS2S3SlS2 n 
= SlS2S3SlS2SlS2SlS3S2S2S3SlS2lir3 
n r2SiS2Sit2t3 n r2 = 525152*1*2 (-^32) 

r2Sit2 riS2Si ri = siS2Siti (-R33) 

If we use a difi'erent set of generators, similar to those found by Hilden, 
then we can get a more braid like presentation. Let Pi = (T2i(^2i-icr2i+i^2i^ 
1 < i < n. So Pi is the ith arc passing under the i + 1st arc. 

Theorem 5.3. The group H2„ has a presentation with generators pi, Sj and 
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Figure 6: The path given by the h-product on the LHS of (-R3I) 
tk for 1 < i,j < n and 1 < k < n and the following relations. 



Pipj 


= PjPt 


for i 


- f\ 


> 1 


(PI) 


Pipjpi 


= PjPiPj 


for i 


- j\ 


= 1 


(P2) 


SiSj 


— Si 


for i 


- f\ 


> 1 


(P3) 


SiSjSi 


— SjSi Sj 


for i 


" 3\ 


= 1 


(P4) 


PrSj 


= SjPi 


for i 


- 3\ 


> 1 


(P5) 


PtSt+iSi 










(P6) 


Pi+lPiSi+1 


= SiPi+lPi 








(P7) 


Pi+lSiSi+i 


= S,S,+iPi 








(P8) 


PitiSiPi 


— ^i^i 








(P9) 


Pit J 


= tjpl 


for j 7^ i, 


or i 


+ 1 


(PIO) 


Piti+l 


= tipi 








(Pll) 


Sitj 


~ tjSi 


if 3 7^ i 


or i 


+ 1 


(P12) 


Sitj 


— tk^i 


if {1,1 + 1} 


= {3,k} 


(P13) 


titj 


— tjti 


for 1 < 


h3 


< n 


(P14) 



These generators can be represented pictorially as in Figure 7. 

X X z 

p s t 

X X % 

s^i t~^ 

Figure 7: Pictorial representation of the p, s, t and their inverses 

Proof. Since H2„ is a subgroup of the braid group it is easy to check that these 
relations all hold. So it remains to prove that each of the relations in Rq, Ri, 
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Figure 8: Pictorial representation of (P6) and (P9) 



i?2 and i?3 can be deduced from (P1)-(P14) using the fact that ri = pi and 
^2 — P2Pi- First note that i?o is a subset of these relations. The relations 
(i?il), (i?i2), (i?i3) and {R2I) follow directly from (Pll), (PIO), (P5) and (P9) 
respectively. The remaining relations can be deduced as follows. 



(i?i4): nsisihtir^'^ = piSiSititip^'^ 

= PltlSl Sltlp^'^ 
= Siti p^'^Sitip^^ 

= sihtisi 



(pi3y 

(P9) 
(P9) 
(P13)^ 



5151^2^2 



(i?i5): riS2SiSiS2rY^ ^ PiS2Si_siS2Pi 

= S2S1 P2S1S2P I 
= S2SISIS2 



(P6) 
(P8) 



(i?i6): 



r2t2r2 ^ = P2 Plt2P i V2 ^ 
= P2tlP2^ 



(Pll) 

(PIO) 



(i?i7): 



?-2i3''^^ = P2Plt3Pl^P2^ 
= P2hP2^ 
= t2 



(PIO) 
(Pll) 



(i?i8): 



?'2ifc?'2 ^ P2 PltkP i V2 
= P2tkP2^ 



tk 



(PIO) 

(PIO) 



(i?i9): 



?'2S2?'2 ^ = P2P1S2P 1 V2 ^ 
= Si 



(P7) 



(i?ilO): 



7'2S/c7-2 ^ = P2PlSkP i V2 ^ 



(P5)' 
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To deduce (i?ill) we make use of the following deduction. 



= Si^P2PlS2SlS2t3P2Pl (P4) 

= S^^P2Pl SlS2Sit3P 2Pl (P12)(P13)^ 

= Si^P2PltlSl S2SiP2P l (P6) 

= S^^P2 PltlSiPi S2SiPi (P9) (*) 

= £r\p2£ltlS2SiPi (P8) 
= S2PlS2^ tiS2 SlPl (P12) 
= S2Pltl£l£l (P9) 
= 5251^1 

(i?lll): r2SiS2S2Sititir2^ = p2PlSiS2S2SititlPi^P2^ (P13f 

= P2PlSlS2t3 S2Sitipl^P2^ (★) 

= P2PlSlS2hP2Pl SlS2h (★) 

= S2SltiSlS2h (P13)^ 
= 52515152^3*3 

(i?ll2): r253525i5i52S3''^^ = P2£lS3525i5i52S3Pj;V2"^ (P5) 

= P2S3PlS2SlSiS2S3pj"V^^ (P6) 

= P2S3S2SlP2Sl£2S3pj"V^^ (P8) 
= P2S3S2SlSl52Pl£3PrV^^ 

= £2S3£25lSl5253P2"^ (P6) 

= 5352£3£l£l5253p^^ (P5)^ 

= 53525l5i P35253P ^^ (P8) 
= 53525i5iS2S3 

(^22): r25it2S2?'2 = P2PlSl t2S2P2P l (P9) 

= P2PlSlP2^ S2t2Pl_ (P9) 

= P2PlSlP2^ S2 t2Sj^ t^^Pi^ Siti (P13) 

= P2Pl SlP2^ S2Sl^P^^ Siti (P6) 

= P2PlS2^P^^ S2SiS2 S^^P^^ Sih (P4) 

= P2PlS2^Pi^ SiS2Pi^ Siti (P8) 

= P2Pl S2^Pi^P2^ SiS2Siti (P7) 
= 5251^1 

(i?3l): ri5i52535i52riSi52535i52i2*4?'lS2535l52ri 

= Pl5l52535i52Pl5i5253 5i52t2 t4Pl52535i52Pl (P13)(P12) 
= Pl5i52535i52Pl 5i5253t3 5iS2*4Pl52535i52Pl (P13)(P12)^ 
= Pl5l5253 5i52Plt4 5lS2535l52*4Pl52535i52Pl (P10)(P12)^ 

= Pl 5i5253t4 5lS2PlSlS253SlS2*4Pl52535i52Pl (P13)^ 

= Pl*lSlS2535lS2PlSlS253SlS2 *4Pl 52535i52Pl (PIO) 

= Pltl5i52535i52Pl5i 52535i52Pl *452535i52Pl (P8)^ 

= Pl*lSlS2535l52 PlSlP3 52535l52*452535i52Pl (P5)(P1) 

= Pl*l5l52 535i 52P3Pl5l52535i52t452535i52Pl (P3) 

= Pl^l5l525i5352P3Pl5l52535i52^452535i52Pl (P6) 
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= PltlSiS2SiP2S3S2PlSiS2S3SiS2t4S2S3SiS2Pl (P6) 

= PltiSiPiS2 SiS3 S2PlSiS2S3SiS2t4S2S3SlS2Pl (P3) 

= PltiSiPi S2S3SiS2PlSiS2S3SiS2t4S2S3SlS2Pl (P9) 

= SltiS2S3SiS2PlSiS2S3SiS2t4 S2S3SiS2Pl (P8)^ 

= SitiS2S3SiS2Pl SiS2S3SiS2t4P 3S2S3SlS2 (P12)^(P13)^ 

= SitiS2S3SiS2PltlSiS2 S3Si S2P3S2S3SlS2 (P3) 

= SitiS2S3SiS2PltlSi S2SiS3S2P3 S2S3SlS2 (P6)^ 

= SitiS2S3SiS2 PltlSiPi S2SiS3S2S2S3SiS2 (P9) 

= SitiS2S3SiS2Si tiS2Si S3S2S2S3SiS2 (P12)(P13) 

= SitiS2S3SiS2SiS2Sit2S3S2S2S3SiS2 (P12)(P13)^ 

= SitiS2S3SiS2SiS2SiS3S2S2 t2S3Si S2 (P12)(P13) 

= SltlS2S3SiS2SiS2SiS3S2S2S3Si tiS2 (P12) 

= Sl tlS2S3SiS2 SiS2SiS3S2S2S3SiS2ti (P12)^(P13)^ 

= SlS2S3SiS2 t3SiS2Si S3S2S2S3SiS2tl (P12)(P13)^ 

= SlS2S3SiS2SiS2Si tiS3S2S2S3SiS2 tl (P12)'*(P13)^ 

= SlS2S3SiS2SiS2SiS3S2S2S3SiS2t3tl (P14) 
= SiS2S3SiS2SiS2SiS3S2S2S3SiS2tlt3 




Figure 9: Deducing the (-R3I) relation 
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(i?32): rir2SiS2Sit3t2rir2 = PiP2PiSiS2Sit^2PiP2Pi (P12)(P13)^ 

= PlP2 PltlSl S2Sit2PlP2Pl (P9) 

= PlP2Sltip£^_S2Sit2PlP2Pl (P6) 

= PlP2SltiS2SiP2^t2 PlP2Pl (P7) 

= PlP2SltiS2SiP2^ t2P2P lP2 (PH) 

= PlP2SltjS2SltjPiP2 (P12)(P10) 

= PlP2SlS2 tlSiPi tzP2 (P9) 

= PlP2 SlS2Pi^ Sitit3P2 (P8) 

= PlSl£2£lilt3P2 (P4) 

= Pl£2£lS2ilt3P2 (P6) 

= S2SlP2S2 tlhp2 (P14)(P10) 

= S2Si P2S2hP2 tl (P9) 
= S2SiS2t2il 

(i?33): r2Sit2T'lS2Siri = P2Pl£lt2£lS2SlPl (P9) 

= P2SlilS2SiPi (PIO) 

= P2£i£2iiSiPi (P8) 

= SiS2£iii£lPl (P9) 
= SlS2Slti 



□ 
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